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ing (DTW) approach [8] which is also based on dynamic
programming. DTW is designed to handle 1-D sequence data
or 2-D/3-D trajectory data with the same relative position
and orientation. On the other hand, employing the powerful
distance matrix-based alignment mechanism, TrajAlign can
cope with 3-D trajectories with different relative positions
and orientations.
The clustering test using the AUSLAN dataset reveals that
TrajAlign can offer considerably more precise results than
the existing state-of-the-art trajectory matching methods.
While the existing methods can provide the correct answers
in only up to 67% of the test cases, our method can offer
the correct results in 79% (i.e. 12% more) of the test cases.

Abstract—Matching two 3-D trajectories is an important
task in a number of applications. The trajectory matching
problem can be solved by aligning the two trajectories and
taking the alignment score as their similarity measurement.
In this paper, we propose a new method called “TrajAlign”
(Trajectory Alignment). It aligns two trajectories by means of
aligning their representative distance matrices. Experimental
results show that our method is significantly more precise
than the existing state-of-the-art methods. While the existing
methods can provide correct answers in only up to 67% of
the test cases, TrajAlign can offer correct results in 79% (i.e.
12% more) of the test cases, TrajAlign is also computationally
inexpensive, and can be used practically for applications that
demand efficiency.
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II. R ELATED W ORKS
I. I NTRODUCTION

A number of methods to match trajectory data have been
previously proposed. Dynamic time warping (DTW) [8] is
a classical approach to match a pair of 1-D trajectories
or 2-D/3-D trajectories within the same spatial framework
(position and orientation). Piecewise dynamic time warping
(PDTW) [1] is an attempt to speedup DTW by using higher
level presentations of trajectories.
Vlachos et al. proposed a method to match trajectories
by finding the longest common sub-sequence (LCSS) in
them [2]. Rodriguez et al. developed a curve similarity
algorithm based on relative shape signatures [3]. Croitoru et
al. put forward a trajectory matching technique using pose
normalization [4]. Recently, Tsumoto and Hirano proposed
a trajectory comparison method by segmenting trajectories
and calculating dissimilarities of the segments [5].
We will compare the performances of the above methods
with that of our proposed TrajAlign method in Section V.

3-D Trajectory matching is an important task in a wide
range of application areas such as geographic information
system, video tracking, mobile computing, location-based
services, and sign language recognition. Given two trajectories in 3-D space, we have to determine how similar they
are. A number of methods such as [1], [2], [3], [4], [5] have
been proposed to solve the 3-D trajectory matching problem.
However, all the existing methods still have limitations in
terms of precision. For the clustering test on the widely used
Australian Sign Language (AUSLAN) dataset [6], the best
of the existing methods can provide correct results in only
67% of the cases. Thus, our objective is to develop a new
3-D trajectory matching method to offer a better precision.
We try to solve the trajectory matching problem by
aligning the two trajectories and taking the alignment score a
measurement of their similarity. To achieve this, we propose
a new method called “TrajAlign” (Trajectory Alignment).
The proposed method aligns two trajectories by means of
aligning the distance matrices representing them. It employs two levels of dynamic programming followed by a
refinement procedure. TrajAlign is adapted and extensively
modified from the MatAlign algorithm by Z. Aung and K.L.
Tan (2006) [7], which is used for comparing 3-D protein
structures.
Although TrajAlign utilizes dynamic programming, it is
significantly distinct from the classical dynamic time warp1051-4651/10 $26.00 © 2010 IEEE
DOI 10.1109/ICPR.2010.930

III. D EFINITIONS
A. 3-D Trajectory
A 3-D trajectory is an ordered set of 3-D positional points
that an object takes place at the defined adjacent time points.
A trajectory P can be expressed as {p1 , p2 , . . . , p|P | } where
pi is the positional point of the object at time point ti (t1 <
t2 < . . . < tn ), and |P | is the length of P (i.e. the number
of positional/time points in P ).
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The position point pi is the (x, y, z) coordinate of the
object in 3-D space which is defined as:
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d15

pi ≡ [pi .x, pi .y, pi .z] (where 1 ≤ i ≤ |P |)

d16
d17
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B. Trajectory Alignment
Given two trajectories P and Q, the objective of
an alignment is to find the matching point pairs
{pa1 , qb1 , pa2 , qb2 , . . . , paN , qbN } in which an ordered
set of selected points from P (denoted as PAl ≡
{pa1 , pa2 , . . . , paN } where 1 ≤ a1 < a2 < . . . < an ≤ |P |)
optimally matches an ordered set of selected points from
Q (denoted as QAl ≡ {qb1 , qb2 , . . . , qbN } where 1 ≤ b1 <
b2 < . . . < bn ≤ |Q|) when superimposed onto each other.
Here, N = |PAl | = |QAl | is the length of the alignment.
Fitness is one of the important criteria to measure the
optimality of an alignment. It is conventionally measured in
terms of the root mean square deviation (RMSD) (denoted
as Δ) of the superimposed points.


N
1 

(PAl [i] − (R · QAl [i] + T))2
Δ(PAl , QAl ) =
N i=1
(1)
where R and T are the rotation and the translation matrices
for superimposition respectively. The smaller the value of
RMSD, the fitter the alignment is.
However, RMSD (fitness) alone cannot determine the
optimality of a matching. The alignment length is another
important criterion. If we have an alignment where the
RMSD is very small but the alignment length is very short
as well, such an alignment cannot be considered as optimal.
A number of objective functions are available to ensure
the optimality of an alignment by balancing the RMSD and
the length of the alignment [7] . Among the available objective functions, we choose a simple yet effective function
called alignment score [9] (denoted as S) here.
3×N
(2)
S=
1+Δ
The larger the value of S, the better the alignment is.
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Figure 1. Examples of (a) A trajectory. (b) The trajectory’s distance matrix.

IV. T HE T RAJA LIGN M ETHOD
The trajectory matching problem can be effectively solved
by aligning the two given trajectories. The major challenge
for the alignment problem here is to find the matching point
pairs in the two trajectories. Once the matching point pairs
have been determined, the superimposition and the RMSD
calculation can be easily done in linear time [10].
If we try to align (find the matching point pairs of) the
two trajectories in their original 3-D space, we have to take
care of their relative positions and orientations, and need to
perform the relatively expensive operations of rotation and
translations a number of times. Thus, our strategy is to convert the 3-D trajectories into 2-D distance matrices, which
are independent of the original trajectories’ positions and
orientations, and align these matrices instead. To this end,
we propose a method to align the matrices effectively and
efficiently. We name our method as “TrajAlign” (Trajectory
Alignment).
The basic steps of TrajAlign can be briefly described as
follows:
• Step 1. Convert the two input trajectories P and Q
into their respective distance matrices MP and MQ .
•

Step 2. Align every row from MP with every row
from MQ using Needleman and Wunsch’s dynamic
programming algorithm [11]. There will be a total of
|P |×|Q| row-row matching (alignment) scores. Store
these row-row matching scores in a |P |×|Q| matrix
SM .

•

Step 3. Perform Needleman and Wunsch’s dynamic
programming again on the score matrix SM , and
extract the alignment path (matching pairs of points)
as the initial alignment.

•

Step 4. Superimpose the initially aligned trajectory
QAl onto its counterpart PAl by using the least-squares
fitting method [10]. The superimposed QAl will be
called QAl .

C. Distance Matrix
A 3-D trajectory P with |P | points can be represented
as a |P |×|P | matrix MP . Each cell MP [i, j] of the matrix
is the Euclidean distance dij between the points pi and pj
(1≤i, j≤|P |) in that trajectory.
MP [i, j] = dij =

(pi .x − pj .x)2 + (pi .y − pj .y)2 + (pi .z − pj .z)2

p6

(3)

The distance matrix is invariant of rotation and translation. That is, the two trajectories of the same shape are
represented by the same distance matrix regardless of their
different orientations and relative positions in 3-D space. An
example of a trajectory and the distance matrix presenting
it are demonstrated in Figure 1.
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•

Step 5. Calculate RMSD (Δ) and alignment score (S)
of PAl and QAl .

•

Step 6. Remove the farthest point pair from the
superimposed aligned trajectories PAl and QAl
forming their new shorter versions. If the alignment
length N becomes equal to the minimum length
threshold, stop the process and report the current score
S as the result.

•

Step 7. Calculate the new RMSD (Δnew ) and the
new alignment score (Snew ) of the new PAl and QAl .
If the new score Snew is greater than the old score
S (i.e. there is still a room the improve the score),
assign Snew as S and go back to Step 6. Otherwise,
stop the process and report the old score S as the result.

In addition to the above basic steps, we incorporate the
mechanisms of (1) alignment within a band, (2) weighting
row-row matching scores, and (3) generating multiple initial
alignment seeds — with a view to enhancing both the
precision and the speed of TrajAlign.
As a matter of fact, TrajAlign is based on the MatAlign algorithm [7] which is used for aligning 3-D protein structures.
However, we have extensively revised the original algorithm
to suit our task of trajectory alignment. In particular, we
have made substantial modifications in the row-row scoring
scheme (in Step 2), the initial alignment extraction procedure
(in Step 3), and the alignment refinement process (in Steps
6 and 7) in developing our new method.

Figure 2.
AUSLAN.
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______________
|
|
|__
|_____
| |
|
|
| |_____
|
|__
| |
|
|
| |
| |__
|__
|__
| |__
| | | | | | | | | |
| | | | | | | | | |
c c c c c c c c c c
r r r r r o o o o o
a a a a a l l l l l
z z z z z d d d d d
y y y y y 0 3 2 1 4
4 2 3 0 1

(a)

___________
|
|
|
|_____
|
|
|
|__
|
|__
| |
|
| |
| |__
|
| |__
| | |
|
| | |
| | |__
|__
| | |__
| | | | | | | | | |
| | | | | | | | | |
c c c c e e c e e e
o o o o a a o a a a
l l l l t t l t t t
d d d d 0 3 d 1 2 4
0 2 1 4
3

(b)

Figure 3. (a) Example of a correct clustering. The highest level divides the
recordings into their correct clusters. (b) Example of an incorrect clustering.
The highest level fails to divide the recordings into their proper clusters.

V. E XPERIMENTAL R ESULTS AND D ISCUSSIONS
In order to evaluate the relative performance of TrajAlign
in an objective manner, we conduct the same experiment
using the same test data as in the previous works [1], [2],
[4], [5].
In achieve this, we use the Australian Sign Language
(AUSLAN) dataset [6] from University of California, Irvine
Knowledge Discovery in Databases Archive (UCI KDD).
AUSLAN contains trajectory data on the 3-D (x, y, z)
positions of the signers’ hands when performing the sign
language. Form the dataset, we obtain our test data as
follows [4], [12].
The three signers: ‘Adam2’, ‘Andrew2’, and ‘John2’ are
chosen. (For simplicity, they will be referred to as Signers 1,
2, and 3 respectively.) For each signer, the 10 signs: ‘cold’,
‘crazy’, ‘eat’, ‘forget’, ‘happy’, ‘innocent’, ‘later’, ‘lose’,
‘Norway’, and ‘spend’ are selected.
For each sign, the first 5 recordings are taken into account.
For example, for the sign ‘cold’, its first 5 recordings
(‘cold0’ . . . ‘cold4’) are used. Thus, in total, we have
3×10×5 = 150 recordings. An example of a recording of a
sign is demonstrated in Figure 2.

For each signer, we select a pair of signs
 at a time form
= 45 distinct
the pool of 10 signs. In total, we have 10
2
pairs of signs. For a particular pair of signs, we take the 5
recordings from each sign in the pair. Thus, we have a total
of 2×5 = 10 recordings for each sign pair. Then, we perform
an average distance-based hierarchical clustering [13] on
these 10 recordings, and observe the resultant dendrogram.
The clustering is considered to be correct if the highest
level of the dendrogram divides the recordings into two
distinct clusters — each containing all the 5 recordings belonging to a single sign [1], [2], [4], [5]. (The dendrogram’s
lower level arrangements are deemed not very important as
these can be quite subjective.) Figure 3 shows examples of
correct and incorrect clusterings respectively.
It should be noted that to generate a correct clustering is
not a trivial task. There are 34, 459, 425 possible ways to
cluster 10 recordings, and only 11, 025 of them correctly
separate the two signs at the dendrogram’s highest level.
Thus, the chance to get a correct answer by random guessing
is only 0.031% [1].
In Table I, we compare the clustering performances of
the seven methods: dynamic time warping (DTW) [8] (as re3820
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Table I
C OMPARISON OF CLUSTERING PERFORMANCES OF DIFFERENT METHODS .
Signer
DTW [8]
(avg.)

PDTW [1]
(avg.)

22

23

22

23

1
2
3
Avg.
∗ nr

Number of Correct Clusterings
(out of 45)
LCSS [2]
RSS [3]
PN [4]
(avg.)
15
23.0
21
12
20.4
15
23.9
21
14
22.4

SB [5]

TrajAlign

nr∗
26
34
30†

35
36
36
35.7

= not reported
accuracy of the 10 selected signers reported in [5] is 30.6.

† Average

ported in [1]), piecewise dynamic time warping (PDTW) [1],
longest common sub-sequence (LCSS) [2], relative shape
signatures (RSS) [3] (as reported in [4]), pose normalization (PN) [4], segment-based (SB) [5], and our proposed
TrajAlign.
We can observe that TrajAlign is clearly more precise than
the existing methods. While the SB method [5], which is the
best performer among the existing ones, can only provide
correct clusterings in an average of 30/45 = 67% of the
cases, TrajAlign can offer correct clusterings in an average
of 35.7/45 = 79% (i.e. 12% more) of the cases!
Our proposed TrajAlign method is also computationally
efficient. The average running time for all the 45 clustering
processes for a signer is 138.67 seconds on a modest Pentium D 3.2GHz machine with 2GB main memory running
Windows XP 32-bit Edition. Since each clustering process
involves 10×9/2 = 45 trajectory matchings, the average
running cost for a single trajectory matching task is merely
138.67/(45×45) = 0.19 seconds.
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VI. C ONCLUSION
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